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Motivations VDA Via Sparse Regularization

Evidence on Sparsity of Geophysical Signals

Rainfall Prior in Wavelet Domain

I Heavy tailed histogram with large mass around zero
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p(x) = exp (−λ |x|α)
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(α=1)→ Laplace

p(x) ∝ exp
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)
where ‖x‖αα = Σ |xi|α

I 200 storms over TX and FL
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○ Non-Gaussianity in gradient domain, explained by the generalized Gaussian 

○ 𝒑 𝑐 ∝ 𝐞𝐱𝐩 −𝜆 𝑐 𝜶 , where 𝛼, λ > 0. Gaussian (𝛼 = 2) and Laplace (𝛼 = 1). 

 

 

 

 

 

 

 

 

○ We studied this signature for many high-resolution rainfall images (200 storms over TX and FL). 

Rainfall Statistics 
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Motivations VDA Via Sparse Regularization

Evidence on Sparsity of Geophysical Signals

Rainfall Sparsity
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I Sparsity in the derivative or wavelet domain

I 20% of the data contains 98% of the total energy

I Sparsity is a strong prior knowledge.

I How to incorporate sparsity?
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Evidence on Sparsity of Geophysical Signals

Lorenz (1963)
·
x =σ (y − x)
·
y =x (ρ− z)− y
·
z =xy − βz

I The system is chaotic for σ = 10, β = 8/3, ρ = 28
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I Lorenz system shows remarkable sparsity in the DCT domain

I x(k) = ωk
∑N
t=1 x(t) cos

π(2t−1)(k−1)
2N
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Motivations VDA Via Sparse Regularization

Evidence on Sparsity of Geophysical Signals

Sparsity in Turbulent FlowSparsity in Turbulent Velocity Signals  

• SAFL wind tunnel over flat and rough surface 
• Reynolds number: 4 x10^4  
• Neutral BL conditions  
• Measurements at 20 kHz at the length of 105 s.  

 
 

• Data courtesy of Leo Chamoro, SAFL  
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I SAFL wind tunnel

I Re = 4× 104

I f = 20 kHz @ 105 s

Sparsity in Turbulent Velocity Signals  

• SAFL wind tunnel over flat and rough surface 
• Reynolds number: 4 x10^4  
• Neutral BL conditions  
• Measurements at 20 kHz at the length of 105 s.  
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Motivations VDA Via Sparse Regularization

`1-norm regularization

Variational Data Assimilation via Sparse Regularization

I The true state: x0 ∈ Rm

I Observation model: yi = H (xi) + vi ∈ Rn

I Background state: xb0 ∈ Rm

I Error: v ∼ N (0, R) , w ∼ N (0, B)

I Φ: a pre-selected basis

Data Assimilation via Sparse Regularization 
○ The true state:            𝐱 ∈ ℝ𝑚 

○ Observations:             𝐲 = ℋ 𝐱 + 𝐯 ∈  ℝ𝑛 

○ Background Model:   𝐱𝑏 ∈ ℝ𝑚 

○ Error:                            𝐯~𝒩 0, 𝐑  , 𝐰~𝒩 0, 𝐁  

○ 𝚽 is a proper transformation which sparsifies! 
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`1-norm regularization

Quadratic Programming

Assuming Φx0 = c0 ∈ Rm, then the above problem can be rewritten as,

minimize
z0

{
1

2
cT

0 Qc0 + bTc0 + λ ‖c0‖1

}
(1)

where, Q = Φ−T
(
B−1 + HTR−1H

)
Φ−1 and b = −Φ−T

(
B−1xb0 + HTR−1y

)
.

Having c0 = u0 − v0, where u0 = max (c0, 0) ∈ Rm and v0 = max (−c0, 0) ∈ Rm and then
w0 = [uT

0 , vT
0 ]T, the more standard QP formulation of the problem is immediately followed as:

minimize
w0

{
1

2
wT

0

[
Q −Q
−Q Q

]
w0 +

(
λ12m +

[
b
−b

])T

w0

}
subject to w0 < 0. (2)

Obtaining ŵ0 = [ûT
0 , v̂T

0 ]T ∈ R2m as the solution of (2), one can easily recover ĉ0 = û0 − v̂0

and thus the initial state of interest x̂0 = Φ−1ĉ0.
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Gradient Projection Method
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Advection-Diffusion Equation

I Flat and Quadratic Top-hat (sparsity in
wavelet)

I Window sinusoid and Squared Exponential
(sparsity in DCT)

∂x(s, t)

∂t
+ a∇x(s, t) = ε∇2

x(s, t)

x(s, 0) = x0(s)
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System Equations

I Model Equation: xi = M0,ix
0, where M0,i = A0,iD0,i

I Observation Model: yi = Hxi + v , with v ∼ N (0, R)

H =
1

4
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White Background Error

I (B = σ2
b I, R = σ2

rI ), where σb = 0.10 (SNR ∼= 10.5 dB) and σr = 0.08 (SNR ∼= 12 dB)
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White Background Error

MSEr MAEr BIASr
R4D-Var 4D-Var R4D-Var 4D-Var R4D-Var 4D-Var

FTH 0.0188 0.0690 0.0099 0.0589 0.0016 0.0004

QTH 0.0152 0.0515 0.0083 0.0414 0.0030 0.0016

WS 0.0296 0.0959 0.0229 0.0771 0.0038 0.0022

SE 0.0316 0.0899 0.0235 0.0728 0.0018 4.26e− 5

Table : Expected values of the MSEr, MAEr, and BIASr, for 30 independent
runs.
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Correlated Background Error

–AR(1)

AR(1): Bij = e−α|i−j| AR(2): Bij = e−α|i−j| (1 + α |i− j|)
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Correlated Background Error–AR(1)

AR(1): Bij = e−α|i−j| AR(2): Bij = e−α|i−j| (1 + α |i− j|)

0 200 400 600 800 1000
0.5

1

1.5

2

2.5

s

 x
0b

 

 

0 200 400 600 800 1000
0.5

1

1.5

2

2.5

s

 x
0a

 

 

4D−VAR
True

0 200 400 600 800 1000
0.5

1

1.5

2

2.5

s

 x
0a

 

 

R4D−VAR
True

Background
True

b)

c)

a)

0 200 400 600 800 1000

0.5

1

1.5

s

 x
0b

 

 

0 200 400 600 800 1000

0.5

1

1.5

s

 x
0a

 

 

4D−VAR
True

0 200 400 600 800 1000

0.5

1

1.5

s

 x
0a

 

 

R4D−VAR
True

Background
True

d)

e)

f)

Mohammad Ebtehaj



Motivations VDA Via Sparse Regularization

`1-norm regularization

Correlated Background Error–AR(1)

I Top panel: FTH – Bottom panel: WS
I (B = σ2

bCb, R = σ2
rI ), where σb = 0.10 (SNR ∼= 10.5 dB) and σr = 0.08 (SNR ∼= 12

dB)
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Thank You
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